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Abstract

This work provides new results for the analysis of random sequences in terms of /-
compressibility. The results characterize the degree in which a random sequences can
be approximated by its best k-sparse version under different rates of significant coeffi-
cients (compressibility analysis). In particular, the notion of strong ¢,-characterization is
introduced to denote a random sequence that has a well-defined asymptotic limit (sample-
wise) of its best k-term approximation error when a fixed rate of significant coefficients is
considered (fixed-rate analysis). The main theorem of this work shows that the rich fam-
ily of asymptotically mean stationary (AMS) processes has a strong ¢,-characterization
and we present results for the characterization and analysis of its £,-approximation error
function. Furthermore adding ergodicity in the analysis of AMS processes, we have a
theorem that shows that its approximation error function is constant and determined in
closed-form by the stationary mean of the process. The results and analysis presented in
this paper offer a contribution to the theory and understanding of discrete-time sparse
processes and, on the technical side, confirm how instrumental the point-wise ergodic
theorem is to determine the compressibility expression of discrete-time processes even
when stationarity and ergodicity assumptions are relaxed.
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1. Introduction

Quantifying sparsity and compressibility for random sequences has been a topic of
active research largely motivated by the results on sparse signal recovery and compressed
sensing (CS) [11, 2], B [, [5, [6] [7]. Sparsity and compressibility can be understood, in gen-
eral, as the degree in which one can represent a random sequence (perfectly and loosely,
respectively) by its best k-sparse version in the non-trivial regime when & (the number
of significant coefficients) is smaller than the signal or ambient dimension. Various forms
of compressibility for a random sequence have been used in different signal processing
problems, for instance in regression [8], signal reconstruction (in the classical random
Gaussian linear measuring setting used in CS) [2, 3], and inference-decision [9} [10].

A process is an infinite dimensional random object and then the standard approach
used to measure compressibility for finite dimensional signals (based on the rate of decay
of the absolute approximation error) does not extend naturally for this infinite dimen-
sional analysis. Addressing this issue, Amini et al. [I] and Gribonval et al. [2] proposed
the use of a relative approximation error analysis to measure compressibility with the ob-
jective to quantify the rate of the best k-approximation error with respect to the energy
of the signal, when the number of significant coefficients scales at a rate proportional
to the dimension of the signal. This approach offered a meaningful way to determine
the energy (and more generally the ¢,-norm) concentration signature of independent and
identically distributed (i.i.d.) processes [1, 2]. In particular, they introduced the concept
of £,-compressibility to name a random sequence that has the capacity to concentrate
(with very high probability) almost all their £,-relative energy in an arbitrary small
number of coordinates (relative to the ambient dimension) of the canonical or innova-
tion domain. Two important results were presented for i.i.d. processes. [I, Theorem
3] showed that i.i.d. processes with heavy tail distribution (including the generalized
Pareto, Students‘'s ¢ and log-logistic) are ¢,-compressible for some ¢,-norms. On the
other hand, [I, Theorem 1] showed that i.i.d, processes with exponentially decaying tails
(such as Gaussian, Laplacian and Generalized Gaussians) are not £,-compressible for any

¢y,-norm. Completing this analysis, Silva et al. [3] stipulated a necessary and sufficient
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condition over the process distribution to be ¢,-compressible (in the sense of Amini et
al.[Il Def.6]) that reduces to look at the p-moment of the 1D marginal stationary distri-
bution of the process. Importantly, the proof of this result was rooted on the almost sure
convergence of two empirical distributions (random object function of the process) to
their respective probabilities as the number of samples goes to inﬁnityﬂ This argument
offered the context to move from using the law of large numbers (to characterize i.i.d.
processes) to the use of the point-wise ergodic theorem [IT) 12]. Then a necessary and
sufficient condition for £,-compressibility was obtained for the family of stationary and
ergodic sources under the mild assumption that the process distribution projected on one
coordinate, i.e., its 1D marginal on (R, B(R)), has a density [3, Theorem 1]. Furthermore,
for non ¢,-compressible process Silva et al. [3] provided a closed-form expression for the
so called £,-approximation error function, meaning that a stable asymptotic value of the
relative £,-approximation error is obtained when the rate of significant coefficient is given
(fixed-rate analysis).

Considering that the proof of the main result in [3] relies heavily on an almost sure
(with probability one) convergence of empirical means to their respective expectations,
the idea of relaxing some of the assumptions of the process, in particular stationarity,
is an interesting direction in the pursuit of extending results for the analysis of /-
compressibility for general discrete time processes. In this work, we have two new results
in this direction extending the compressibility analysis for a family of random sequences
where stationarity or ergodicity is not assumed. In particular, this work studies the
rich family of processes with ergodic properties and, in particular, the important family
of asymptotically mean stationary (AMS) processes [IT], 13]. This family of processes
has been studied in the context of source coding and channel coding problems where
its ergodic properties (with respect to the family of indicator functions) has been used
to extend fundamental performance limits in source and channel coding problems. In
our context, the reason for studying AMS processes in the first place is because the
¢,-characterization in [3] is fundamentally rooted on a form of ergodic property over a

family of indicator functions, which is precisely the family of measurable functions where

1These almost sure convergences created a family of typical sets that was used to prove the main

result in [3] Theorem 1].
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AMS sources has (by definition) a stable almost-sure asymptotic behavior [I1].

1.1. Contributions of this Work

Specifically, we consider a more refined and relevant (sample-wise) almost sure fixed-
rate analysis of ¢,-approximation errors, first considered by Gribonval et al [2] for the
analysis of i.i.d. processes, to determine the relationship between the rate of significant
coefficients and ¢, approximation error of the process. Our first main result (Theorem
shows that this rate vs. approximation error has a well-defined expression function of the
process distribution (in particular the stationary mean of the process) for the complete
collection of AMS and ergodic processes. This result relaxes stationary as well as some
of the regularity assumptions used in [3, Theorem 1] and, consequently, it is a significant
extension of that result. As a corollary of this theorem, we extend the dichotomy of
the £,-compressible process presented in [3, Theorem 1] to the family of AMS ergodic
processes (see Corollaries [2[ and . The second main result of this work (Theorem
uses the celebrated ergodic decomposition theorem (EDT) [I1] to extend the strong £,-
characterization to the family of AMS processes, where ergodicity and the stationarity
assumptions on the process have been relaxed. Remarkably, we show that this family of
processes do have a stable (almost sure) asymptotic £,-approximation error for any given
rate of significant coefficients as the block of the analysis tends to infinity. Interestingly,
this limiting value is in general a measurable (non-constant) function of the process,
which is fully determined by the so-called ergodic decomposition (ED) function that
maps elements of the sample space of the process to stationary and ergodic components

1.

1.2. Organization of the Paper

The rest of the paper is organized as follows. Section [2] introduces notations, prelim-
inary results and some basic elements of the £,-compressibility analysis. In particular,
Section [2.1] introduces the fixed-rate almost sure approximation error analysis that is
the focus of this work. Section [3] presents the two main results of this paper for AMS
processes. The summary and final discussion are presented in Section [f] To conclude,
Section [p| provides some context for the construction AMS sources based on the basic

principle of passing an innovation process through deterministic (coding) and random
4



(channel) processing stages. The proofs of the two main results are presented in Section

o [6] while the proofs of supporting results are relegated to the Appendices.
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2. Preliminaries

For any vector z" = (z1,..,2y) in R™, let (z41,..,Zn,n) € R™ denote the ordered

V

vector such that |z, 1] > |zp 2| > ... |Tpn]. For p>0and k € {1,..,n}, let

1
op(k,2") = (lZnpt1” + o+ |2nnl”)7, (1)
be the best k-term £,-approximation error of 2™, in the sense that if
Yy ={2" €eR" :op(k,2") =0}

is the collection of k-sparse signals, then o, (k, ™) is the solution of mingnexr ||z — 27| |€p.
Amini et al. [1I] and Gribonval et al. [2] proposed the following relative best k-term

{p-approximation error

op(k, ™)

o,(k,x™) =
O'p( , L ) HanZP

€10,1], ke {1,..,n}, (2)

for the analysis of infinite sequences, with the objective of extending notions of compress-
ibility to sequences that have infinite £,-norms in RN. More precisely, let X1, .., X,, ... be
a one-side random sequence with values in (RN, B(RN)). (X,,),>1 is fully characterized by
its consistent family of finite dimensional probabilities denoted by {p™ € P(R™) : n > 1}
[12], where X™ = (X1, .., X,) ~ p" for all n > 1 and P(R™) is the collection of probabil-
ities on the space (R”, B(R™)) [12, [1].

For d € (0,1), n > 1 and k € {1,..,n}, let us define the following set

A = (2™ € R 2 G, (k,2™) < d}. (3)

Definition 1. [I, Defs.5 and 6] Let us consider a process (Xp)nen with distribution
w={p" n>1}, the set ,AZ’k is said to be e-typical for X™ (or u™) if

pr AL > 11— (4)

5
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Fore>0 and d € (0,1),
Fp(d, €, 1) = min {k; e{l,....,n}: p"(ATF) >1 - e} , (5)
is the critical number of terms that makes As’k e-typical for p'™.

From the definition of critical dimension in , we can study the asymptotic rate of

innovation of the process relative to an ¢,-approximation error d € (0,1) by

5 (d eyt
7y (d,e, p) = lim sup M (6)
~_ — 1 . "%p(d,@/’[/n)

7, (d, €, ) = lim nglgo — (7)

for all € > 0, where p1 € P(RN) in the notation is a short-hand for the process distribution
given by {u" :n > 1}.

Alternatively, we can consider the following fixed-rate asymptotic analysis:

Definition 2. [3, Defs.5 and 6] Let (X,,)nen be a process and let us consider € € (0,1),
r € (0,1) and d € (0,1). The rate-distortion pair (r,d) is said to be {,-achievable for
(X,) with probability e, if there exists a sequence of positive integers (k,) such that
limsup,,_, %" <r and
. . n n,k
)y >1—e
hmnlgf;ou (A" )>1—¢€ (8)

Then, the rate-approzimation error function of (X, )nen with probability € is given by

rp(d, e, p) = inf {r € [0, 1], such that (r,d) is {,-achievable for (X,) with probability €} .
9)

In general, it follows that r,(d, €, u) < F;(d7e,u) [3, Prop. 2]. Furthermore, for the

important case of stationary and ergodic processes, it was shown in [3, Th. 1] that
rp(d, €, p) = 7 (dye, ) =7, (d, e, ) for all d € (0,1). (10)

2.1. Revisiting the £,-Approximation Error Analysis

The approximation properties of a process (X, )nen presented above relies on a weak
convergence (in probability) of the event Ag’k (see Defs. and . Here, we introduce a
stronger (almost sure) convergence of the approximation error at a given rate of innova-

tion to study a more essential asymptotic indicator of the best k-term ¢,-approximation
6
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attributes of (X, )nen. This notion will be meaningful for a large collection of processes
(details presented in Section [2.2) and it will imply specific approximation attributes for
v in terms of ry,(d, €, ), 7, (d, €, ), and 7, (d, €, ).

Definition 3. A process X = (X, )nen, with distribution p = {u™,n > 1}, is said to
have a strong rate vs. £, best k-term approximation error characterization (in short,
a strong {,-characterization) if for any r € (0,1] and for any sequence of non-negative

integers (kn)neeN satisfying that %" — 1 then
nhﬁngo &p(knaXn) = fp,u(er)a (11)
p-almost surely, where f, (X, 7) is a well-defined (measurable) function of X.

A process with a strong ¢,-characterization has an almost everywhere asymptotic
(with n) pattern for its £,-approximation error when a finite rate of significant coefficients
is considered (i.e., a fixed-rate analysis). On top of this condition, an interesting scenario
to consider is when the limiting function f, ,(X,r), in 7 is constant p-almost surely.
This can be interpreted as an ergodic property of X with respect to its best-k term
¢p-approximation error, reflecting a typical (almost sure) approximation attribute that
is constant for the entire processﬂ The following result offers a connection between

fp.u(X,7) and 7,(d, €, ) in this very special case.

Lemma 1. Let us consider a process X = (X,,)nen and its process distribution u. Let us
assume that X has a strong {y,-characterization (Def. @ and that its limiting function in

is constant pi-almost surely, denoted by (fp ,.(7))re0,1]- Then we have the following:

i) If d € {fp,u(r),7 € (0,1]} and d > 0, then there exists a unique r, € (0,1) such that
fp.u(re) = d, where for any r € (0,1) and (kn)nen such that %" — r it follows

that
1 ifr>r
lim u"(Ag’k”) = / ° (12)
nTreo 0 ifr<r,.

2 The next section shows that fp .(X,r) is a constant function for the family of AMS and ergodic

processes [1I]. However, it is not constant function for stationary and AMS processes in general as

presented in Section
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it) On the other hand if fp ,(r,) = 0 for some r, € (0,1), then ¥d € (0,1), for any

r >1, and for any (kn)nen such that %" — 1, it follows that

lim p (ALY = 1. (13)

n—oo

This result shows that for a process with a strong £,-characterization and a constant
rate approximation error function, there is a 0-1 phase transition on the asymptotic
probability of the events AS’k” when k,, /n — 7, which is governed by (fp,,.(r))re(0,1] in

. More precisely, we have the following direct implication:

Corollary 1. Under the assumptions of Lemmal[d, for any d € {fp,,.(r),r € (0,1]}\{0},
and € >0

Tp(d’ 6 /J) = f;(d? 67”) = fp_(d7€7/’(’) = f;ﬁ(d) (14)

On the other hand, if fp (1) =0 for some r, € (0,1], then Ve € (0,1), Vd € (0,1),
rp(dy e ) <75 (d, e, ) <. (15)

It is worth noting in that the weak ¢,-approximation error function r,(d, €, u)
is independent of € and fully determined by (f, }(d))de(y, ., (r).re(0,1)3- This is consistent
with the result obtained for i.i.d. and stationary and ergodic processes in [3]. The proof

of Lemma [I] and Corollary [1] are presented in Section

2.2. AMS Processes

Let us briefly introduce the family of AMS processes that is the main object of study
of this workP]

Definition 4. A process X = (X,,)nen represented by the probability space (RN, B(RN), )
is said to have an ergodic property with respect to a measurable function f : (RN, B(RN)) —

(R, B(R)) if the sample average

<f 2 (X) =5 3 FX)) (16)

3A complete exposition of sources with ergodic properties viewed as a dynamical system is presented

in [I1l Chapts. 7, 8 and 10].
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converges p-almost surely as n tends to infinity to a measurable function of (RN, B(RV))

that is denoted by < f > (X). In (@, T denotes the standard shift opemtoﬁ [11).

Definition 5. A process X = (X, )nen (or, equivalently, its underlying dynamical sys-
tem representation (RN, B(RN), u,T)) is said to have an ergodic property with respect to
a class of measurable functions M if < f >, (X) convergences p-almost surely to a

well-defined limit < f > (X) for any f € M.

For any n > 0, let us define the set of arithmetic mean probabilities by
1 —i
pn(F) =~ u(T'(F)), (17)

for all F € B(RV).

Definition 6. A process (X,,)n>0 with distribution p is said to be asymptotically mean

stationary (AMSE if pn(F) in convergences as n goes to infinity for all F € B(RN).

By the construction in , it is clear that {1, : n > 1} € P(RV). Then if the limit
of p, exists, in the sense that (u,(F)),>1 convergences in R as n tends to infinity for
any measurable event F' € B(RN), these values (indexed by F € B(RV)) induce a well
defined probability in P(RN) [L1, Lemma 7.4]. This object is called the stationary mean
of 1 and it is denoted by fi. It can be proved that f is a stationary measure with respect
to T, in the sense that i(F) = a(T~'(F)) for all F € B(RV]

The following important result connects processes with ergodic properties and AMS

processes:

Lemma 2. [71, Ths. 7.1 and 8.1] A necessary and sufficient condition for a process
(Xn)n>0 (and its distribution p) to be AMS is that it has an ergodic property with respect
to the family of indicator functions, i.e., {1p(z): F € B(RN)}.

A stronger ergodic property to ask on X over a family M is that for all f € M the
sample average in tends to a well-defined limit < f > (X) that is constant p-almost
surely. For this analysis, it is relevant to introduce the following definition, which derives

from the celebrated point-wise ergodic theorem for AMS sources [II, Th. 7.5]:

4For z € RN, z = T(z) is given by the coordinate-wise relationship z; = x;41 for all ¢ > 1.
5By definition, if (Xn)n>0 is stationary then it is AMS.
6The process (Xy,) is said to be stationary if its distribution p is stationary with respect to 7T

9
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Definition 7. A process X (or its equivalent dynamical system (RN, B(RN), u, T) ) is said
to be ergodic, if the collection of invariant events (the events F such that T~ (F) = F)
has p-probability 1 or 0 [12, [11).

The following result connects these concepts:

Lemma 3. [T1, Th. 7.5 and Lem. 7.14] A necessary and sufficient condition for an

AMS process (X, )n>0 to have a constant ergodic property for the family {1r(z) : F € B(RN)}

is that (X, )n>o0 is ergodic.

In general, AMS processes are not ergodic. In fact, the following result provides
a condition for X to meet ergodicity that can be considered a form of a weak mixing

(asymptotic independence) condition [IT].

Lemma 4. [T1, Lem. 7.15] A necessary and sufficient condition for an AMS process

(Xn)n>o0 to be ergodic is that
n—1 )
lim ; T~ (F)UF) = @(F)u(F) (18)

for all F € F, where F C B(RN) is the collection that generates B(RV).

For the case when the process is stationary, it follows that ji(F) = u(F) for all F' € B(RV),
then the condition in can be interpreted as a mixing (asymptotic independence)
property on (X,)n>0.

3. Characterizing AMS Processes

Here we present the two main results of this paper beginning with the scenario of an

AMS and ergodic process.

3.1. Strong £,-Characterization for AMS and Ergodic Processes

When an AMS process satisfies the mixing condition in and, consequently, it is

ergodic, we can state the following result:

10



Theorem 1. Let X = (X,,)nen, or equivalently (RN, B(RN), 1)), be an AMS and ergodic
process (or dynamical system) with respect to T and let i = {fi,, : » > 1} be ils stationary

mean. Then for any p > 0, r € (0,1], and (ky)n>1 with k, — r, it follows that

lim 6,(kn, X7) = fp,a(r), p— almost surely, (19)

n—oo

where fp n(r) is a well defined function of the stationary mean fi of X projected over
w 1 dimensional cylinders in B(RN) (i.e., the marginal fi; in (R,B(R))). More precisely,
(fp.a(1))re(o,1) 8 function of i1 € P(R) with the following characterization:

i) If the function (zP)zer ¢ L1(f1), then it follows thaﬂ

Jp.a(r) =0, Vr € (0,1].

1) If (xP)zer € L1(fi1) and iy <€ A, we can introduce an induced probability v, € P(R
) If (2P)ze fi I ; P Y vp
with v, < 11 given by

_ Jpl="dpa ()

’U;D(B) - fR |x‘p dﬂl(x)

,VB € B(R).
Then for any r € (0,1],
foa(r) = /1 = vp(Brry),
where By = (—o0, 7] U [1,00) and 7(r) > 0 is the unique solution of:

fir(B-) =r.

it) If (2P)zer € L1(fi1) and iy is not absolutely continuous with respect to )\E| let us

introduce the set
R* ={(B;),7 € [0,00)} and C; = (—o0,7) U (7,00).

If r € R*, similarly to the previous case, it follows that

fp»ﬁ(r) = </ 1- UP(BT(T))v

7A real measurable function f is integrable with respect to v € P(R) if [3|f(z)|dv(z) < oo. Li(v)

denotes the collection of v-integrable functions [12} [14].
8In other words, i1 has atomic components.

11
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where 7(r) is the solution of i1 (B,) =r.

On the other hand if r ¢ R*, there is 7, > 0 such that fin({—7,70}) > 0 and
r € [p1(Cr,),B1(Bz,)). Then 3a, € [0,1) such that

r=[(Cr,) + ao(in(Br,) — i (Cr,)),

where

Fon(r) = {1 = 0,(C5,) — olp(Bx,) — 0,(C)).

In the last expression,

vp(Br,) = 0p(Cr,) = vp({ =70, To}) = [7o|” - n ({=70, o })/ [1(@")| 1, () > O

if 7o > 0.

The proof of this result is presented in Section

3.1.1. Analysis and Interpretations of Theorem []]
e The general result in shows that any ergodic AMS process has a strong £,-

characterization (Def. where its point-wise (almost sure) approximation error
function in is completely determined by the 1D projection of its stationary

mean, i.e., iy € P(R).

Two important scenarios can be highlighted. The case (2P),er ¢ L1(fi1) in which
fp.a(r) =0, ¥r € (0,1] and the case (2P)yer € L1(fz1) that has a non-trivial ap-
proximation error function expressed by the following collection of (rate, distortion)

pairs:

{0 Lo € 0,11} = { (0 (7), /1= 60, (7)), 7 € 10,00) |
U U {@m@)+amnnd. 1= u0.) - an(-rmh |

™€V, a€[0,1)

(20)

where Y., = {7 € [0,00), i1 ({—7,7}) > 0}, which is shown to be at most a count-
able set. It is worth noting that the expression in summarizes the continuous
and non-continuous result stated in ii) and iii). The details of this analysis are

presented in Section
12
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e Considering Lemma (1] and Corollary [1| (in particular the relationship expressed

in Eq. that connects the strong f,-caracterization in Def. with the weak

{,-characterization in @), Theorem (1| implies the following result:
Corollary 2. If (2P)4er € L1(fi1) then for any d € (0,1) and Ve > 0,
rp(d, €, p) = 7 (d, e, 1) = 7 (dy e, 1) = f5(d).

Otherwise, if (zP)zer € L1(ji1), then for any d € (0,1) and € > 0,

rp(d, €, p) = 7f (dy €, p) = 7y (dy €, 1) = 0.

At this point, it is important to revisit the concept of ¢,-compressible processes

introduced by Amini et al. [I] in light of Theorem [If and Corollary

Definition 8. [1, Def.6] A process (X,,), with distribution p, is said to be £,-
compressible for p > 0, if for any € € (0,1) and d € (0,1), f;‘(d, e, u) =0.

Then from Lemma [l| and Theorem [1} the following can be stated:

Corollary 3. A necessary and sufficient condition for an AMS ergodic process

(with stationary mean [i) to be £,-compressible is that (xP)ger ¢ L1(f1).

Corollary [3] extends the dichotomy presented for the stationary and ergodic case in

[3, Theorem 1].

In the case where (27)yer € Li(fi1), the function (fp a(7))re(o,1) given by
is proved to be continuous, strictly non-increasing in the domain f, }L(O7 1) and
achieving the range [0,1) in the sense that for all d € [0,1) there exists r € (0,1]
such that f, 7(r)) = d, where in addition lim,_,o f, z(r) = 1. The details of this

analysis are presented in Lemma |8 (Section and [Appendix AJ).

Furthermore when the process is not ¢,-compressible, i.e., (zP)zer € L1(fi1), we
highlight two important sub-scenarios: the sparse case, meaning that fi;({0}) > 0,
and the non-sparse case meaning that fi;({0}) = 0. For the non ¢,-compressible
and sparse case, it follows that zero approximation error is achieved at rates that

are strictly smaller than 1. More precisely,
13
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Corollary 4. Let us consider a sparse AMS process, meaning that fi1({0}) > 0,
with (xP)zer € L1(f1) then

fpa(r) =0, Vr e [1 - ({0}),1],
while if r € (0,1 — 11 ({0})) then fp u(r) > 0.

On the other hand, for the ¢,-compressible and non-sparse case, zero distortion is

exclusively achieved at a rate equal to 1, i.e., fp z(r) > 0 if r € (0,1). This result

is elaborated in Section [6.2] and

3.2. Strong £,-Characterization for AMS Processes

Relaxing the ergodic assumptions for an AMS source is the focus of this part. It is
worth noting that the ergodic result in Theorem [I| will be instrumental for this analysis
in view of the ergodic decomposition (ED) theorem for AMS sources nicely presented in
[11, Ths. 8.3 and 10.1] and references therein. In a nutshell, the ED theorem shows that
the stationary mean of an AMS process (see Def. @ can be decomposed as a convex
combination of stationary and ergodic distributions (called the ergodic components) in
(RN, B(RV)).

It is important to introduce one specific aspect of this result for the statement of
the following theorem. Let us consider an arbitrary AMS process (X, )n>1 equipped
with its process distribution x4 € P(RN) and its induced stationary mean i € P(RN).
If we denote by P < P(RN) the family of stationary and ergodic probabilities with
respect to the shift operator, then one of the implications of the ergodic decomposition
theorem [I1, Ths. 8.3 and 10.1] is that there is a measurable space (A, L) indexing
this family, i.e., P = {px, A € A}. More importantly, there is a measurable function
U : (RN B(RN)) — (A, £) that maps points in the sequence space RN to stationary and
ergodic components (more details will be given in Section [6.3]). Then using ¥, there is a
probability measure Wy in (A, £) induced by p in the standard way, where VA € L, we
have that Wy (A) = u(¥~1(A)). One of the implications of the ED theorem [I1, Ths.
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8.3 and 10.1] is that for all F' € B(RV]

A(F) = / 1 (F)OWs (3). (21)

In other words, @i can be expressed as the convex combination of stationary and er-
godic components {ux, A € A}, where the mixture probability on (A, £) is induced by
the decomposition function ¥, which is universal, meaning that the same function is
valid to decompose any stationary distribution on (RN, B(RN)) in stationary and ergodic
components in the sense presented in .

The following result uses the ED theorem for AMS sources [I1), Ths. 8.3 and 10.1] and
Theoremto show that AMS sources have a strong ¢,-characterization as stated in Defi-

nition {3} Furthermore, the result offers an expression to specify the limit (f,,,.(X,7))(0,1]
in .

Theorem 2. Let X = (X, )nen be an AMS process with process distribution u. Let us
consider P = {px, A € A} the collection of stationary and ergodic probabilities and the
decomposition function ¥ : (RN, B(RN)) — (A, L) presented in the ED theorem [11, Th
10.1]. Then it follows that:

i) The process X = (X,,)nen has a strong £y,-characterization (Def. @, where for any
r € (0,1] and (kn)n>1 such that ky/n — 1

lim Gp(k,, X7') = fpu(X,r) = Somecx (r), . — almost surely, (22)

n—oo

where (fp 4, (1)) has been introduced and developed in Theorem |E
it) For any r € (0,1], d € [0,1), and (ky) such that k,/n — r,

tim " (A7) = [t (A7) oW (3

n—00
= ({x eRN: Py (x) 18 ép-compressible})
+u({xe RN : o (x) s not Ly-compressible and fp g, (1) < d}).
(23)

The proof of this result is presented in Section [6.3

9The assumption here is that for any F, uy(F), as a function of ), is measurable from (A, L) to
(R.B(R) [TI]. )
10Note that VA € A, uy € P is a stationary and ergodic process.
15
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3.2.1. Analysis and Interpretations of Theorem [2:

e The first almost-sure point wise result in provides a closed-form expression for

the ¢,-characterization of the process X given by f; (X, ), which is a function of
X (not a constant function in general) through the ED function ¥(-) that maps X

to stationary and ergodic components in P.

An interesting interpretation of the result in , which is a consequence of the
ED theorem, is that this limiting behaviour can be seen as if one selects at t = 0
an ergodic component uy € P and then the process evolves with the statistic of
1, which has a stable asymptotic characterized by Theorem [I| This is equivalent
to state that there is one stationary ergodic component that is active all the time,
but we do not know a priori which component. In fact to resolve the component
that is active, we need to know the entire process X, as the active component
A € A is given by ¥(X). This interpretation has a natural connection with the
standard setting used in universal source coding as clearly argued by Gray and
Kieffer in [13], where it is assumed that a process is fixed and belongs to a family
of process distributions from beginning to end, but the observer (or the designer of
the coding scheme) does not know which specific distribution is active. Therefore,
when observing a realization of an AMS process, what we are really observing is
a realization of one (unknown a priori) stationary and ergodic component in P
and, consequently, its limiting behaviour is well defined as expressed in . The
fact that this limit is expressed as a function of ¥ can be understood from the

perspective that U is the object that chooses the active component in P from X.

An intriguing aspect of this result, which is again a consequence of the ED theorem
for AMS sources, is that if we look at the limit f, ,(X,r) in , this is equal to
Tpowx) (r), which does not depend on p explicitly as long as p is AMS. Then, we
could say that the ED function ¥ characterizes the asymptotic limit for any AMS

source universally.

When we move to the weak £,-characterization result expressed in (see Defs.
and , here we can observe explicitly the role of the distribution p in the analysis,

which is consistent with the almost sure result in . In the expression in the
16
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LHS of , we note that the probability p™ (Ag’k") has a limit determined by the
pair (r,d) and the distribution .

e Complementing the previous point, there are two clear terms in : the first is
the probability (over p) of the sequences that map through ¥(-) to £,-compressible
components in P. The second term is the probability of the sequences that map
through ¥(-) to ergodic components that are not £,-compressible and satisfy that
its ¢,-approximation error function (which is characterized in Theorem [1) evalu-
ated at the rate r is smaller than the distortion d. Note that these two events on
(RN, B(RN)) are distribution independent (universals) and therefore can be deter-

mined a priori (independent of x) for this weak ¢,-compressibility analysis.

4. Summary and Discussion of the Results

In this work, we revisit the notion of £,-compressibility focusing on the study of the
almost sure (with probability one) limit of the ¢,-relative best k-term approximation
error when a fixed-rate of significant coefficients is considered for the analysis. We con-
sider the study of processes with general ergodic properties relaxing the stationarity and
ergodic assumptions considered in previous work. Interestingly, we found that the fam-
ily of asymptotically mean stationary (AMS) processes has an (almost-sure) stable £,
approximation error behavior (sample-wise) when considering any arbitrary rate of sig-
nificant coefficients per dimension of the signal. In particular, our two main results offer
expressions for this limit, which is a function of the entire process through the known er-
godic decomposition (ED) mapping used in the proof the celebrated ED theorem. When
ergodicity is added and we assume an AMS ergodic source, the £,-approximation error
function reduces to a closed-form expression of the stationary mean of the process. As a
corollary, we extend the dichotomy between ¢,,-compressibility and non £,-compressibility
observed in a previous result [3, Th.1].

In summary, the two main theorems of this paper significantly extend previous results
in the literature of this problem (that were valid under the assumption of stationary,
ergodicity and some extra regularity conditions on the process distributions) and on the
technical side show the important role that the general point-wise ergodic theorem and,

in particular, the ED theorem play for the extension of the ¢,-compressibility analysis to
17
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families of processes with general ergodic properties. Finally, from the proof of Theorem
we notice that being able to impose an ergodic property for the family of indicator
functions is essential to obtain a stable (almost sure) result for the £,-approximation error
function, in the way expressed in Def. [3] and, consequently, the AMS assumption for the
process (see Lemma [2)) seems to be crucial to achieve the desired strong (almost-sure)

{,-approximation property declared in Definition

5. On the Construction and Processing of AMS Processes

To conclude this paper, we provide some context to support the application of our
results in Section [3} We consider a general generative scenario where a process is con-
structed as the output of an innovation source passing through a signal processor (or
coding process) and a random corruption (or channel). In other words, we want to have
an idea of the family of operations on a stationary and ergodic source (for example an
ii.d. source) that produces a process with a strong £,-characterization (Def. . For that
we briefly revisit known results that guarantee that a process has stationarity and/or er-
godic properties when it is produced (deterministically or randomly) from a stationary
and ergodic sourceB

A general way of representing a transformation of a process X = (X, )nen into another
process is using the concept of a channel. A channel is a collection of probabilities (or
process distributions) in (RN, B(RV)) indexed by elements in RN, i.e., C = {vz,z e RN} C
P(RN) such that for all F' € B(RN) vz(F) is a measurable function from (RN, B(RY)) to
(R,B(R)). Then given p the process distribution of (X, )nen, the channel C induces a
joint distribution in the product space (RN x RN, B(RN x RN)) by

HC(F x G) = / va(@)du(7), VF,G € BRY).
ZEF
The joint process distribution is denoted by pC. Then a new process Y = (Y,)nen
is obtained at the output of the channel when (X,,)nen is its input. If we denote the
distribution of Y by v, this is obtained by the marginalization of uC, i.e., v(G) = P(Y €
G) = uC(RNx G) for all G € B(RN). Considering the shift operator T uses to characterize

1A complete exposition can be found in [I5, Ch.2].
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stationarity and ergodic properties for processes in RN (Sec. [2.2)), the channel C =
{vi7 T e RN} is said to be stationary with respect to T' if [15] Sec. 2.3]

vr)(G) = vz (T71(G)), vz € RV,VG € B(RM).
Then, the following result can be obtained:

Lemma 5. [15, Lemma 2.2] Let us consider an AMS process X (with stationary mean
given by i) as the input of a stationary channel C = {/Ujj,i’ € RN}. Then the output
process Y is AMS and its stationary mean is given bﬂ

n—1
9(G) = lim 1/n > o(T7'G) = pCRN x G) for all G € B(RY).
1=0

Remarkably, Lemma [5| shows a general (stationary) random approach to produce
AMS processes from another AMS process. Furthermore, the result provides a closed
expression for the resulting stationary mean (function of the stationary mean of the input
i and the channel C), which is the object that determines its strong £,-compressibility
signature from Theorems [I] and [2}

Furthermore adding ergodicity, we highlight the following result:

Lemma 6. [15, Lemma 2.7] If the channel C = {vf,i € RN} is weakly mixing in the

sense that for all T € RN and measurable rectangles F, G € B(RN)

im A3 1) 0 6) el .
=0

then if the input process is AMS and ergodic then the output of the channel is also AMS

and ergodic.
We will cover two important families of channels below.

5.1. Deterministic Channels: Stationary Codes and LTI Systems

A deterministic transformation (or measurable function) of an AMS process X =

(X, )nen can be seen as an important example of the channel framework presented above.

12The result shows more generally that the joint process (X,Y) is AMS with respect to T x T (T x

T(z,y) = (T(z),T(g))), where its stationary mean is jiC.
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Let us consider a measurable function f : (RN, B(RN)) — (RN, B(RN)) and the induced
process Y = f(X), where the process distribution is v(G) = p(f~1(G)). This form
of encoding X is a special case of a channel, where v (G) = 17-1(¢)(Z). Importantly,
the deterministic channel C/ = {vj—:, T e RN} induced by f is stationary if, and only if,
f(T(z)) =T(f(z)) [15]. In this context, we say that f produces a stationary coding of

X.

Corollary 5. Any stationary coding of an AMS process produces an AMS process, where
the stationary mean of Y is given by v(G) = p(f~1(Q)) for all G € B(RV).

The proof of this result follows directly from Lemma

There is a stronger result for deterministic and stationary channels:

Lemma 7. [15, Lemma 2.4] Let us consider a deterministic and stationary channel C7.

If the input process to Cf is AMS and ergodic then the output process is AMS and ergodic.

It is worth noting that a direct way of constructing stationary coding is by a scalar
measurable function ¢ : (RN, B(RN)) — (R, B(R)), where given z € RN the output
is produced by y, = ¢(T™(z)) for all n > OE Then, there is an infinity collection
of stationary coding that preserves the AMS and ergodic characteristics of an input
process. Two emblematic cases to consider are the finite length sliding block code where
Yn = ¢(Xpnaass sy Xnap) with D > M >0 and ¢ : RP~M+1 5 R and the case when
¢ is linear function, i.e., ¢(Z) = ZiZO a; - ¢;, and, consequently, f produces a linear and

time invariant (LTI) coding of XE

5.2. Memoryless Channels

A channel C = {vg—g,f € RN} is said to be memoryless if for any finite dimensional
cylinder x;¢c;F; € B(RV) and for any z € RN it follows that vy (XicsFy) = [, pa, (F)
where {p,,z € R} C P(R). Basically we have that probabilities of the channel decom-

pose as the multiplication of its marginals (memoryless). The classical example is the

13 Conversely, for any stationary code f there is a function ¢(z) = mo(f(Z)) that induces f, where mo()
denotes the first coordinate projection of the sequence.
MStationary codings play an important role in ergodic theory for the analysis of isomorphic processes
[I1].
20
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additive white Gaussian noise (AWGN) channel used widely in signal processing and
communications where p, = N (g, 0) is a normal distribution with the mean depending
on x and o > 0. It is simple to check that memoryless channels are stationary. Con-
sequently, Lemma [5] tells us that a memoryless corruption of an AMS process produces
an AMS process. In addition, the mixing condition of Lemma [6] is simple to verify for
memoryless channels. Consequently, a memoryless corruption of an AMS and ergodic
process preserves the ergodicity of the input at the output of the channel.

Finally, using Lemmas [5] [0] and [7] we can have a rich collection of processing steps
where AMS as well as AMS and ergodicity are preserved from the input to the output
and, consequently, Theorems[l|and [2| can be adopted for compressibility analysis of these

processes.

6. Proofs of the Main Results

6.1. Lemmal[] (and Corollary[i))

Proof:  First, some properties of (fp,,.(7))re(0,1) Will be needed.
Proposition 1. It follows that:
o If0<r <ry <1, then fpu(r2) < fpulri).

e IfO<ry <ry<1and fyu(re) = fpu(ri), then fy . (re) = fpu(r1) =0.

The proof of this result derives directly from the definition of 6, (k,, X™) and some basic
inequalitiesE From Proposition (1} fp ,.(-) is strictly monotonic and injective in the
domain f,"1(0,1). Therefore, f; !(d) is well defined for any d € {f, ,.(r),r € (0,1]}\ {0}.

Let us first consider the case d € {f, (), € (0,1]} \ {0} assuming for a moment
that this set is non-empty. Then, there exists r, € (0,1) such that d = f, (1), where
by the strict monotonicity of f, ,(-), we have that f, ,(r2) < d < fp,.(r1) for any
r1 <1, <1y < 1. On the other hand, using the convergence of the approximation error
to the function f, ,(r) in and the definition of A7* in , it follows that for any

re(0,1), k, with k,/n — r, and e > 0

lim p"(A"*  )=1and (24)

n—o00 fp,“(r)-&-e

15This result is revisited and proved (including additional properties) in Lemma Section
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lim p" (AP ) =0. (25)

n—s00 Tp.u(r)—e
Then assuming that k,/n — 7o, if r > 7, then f, ,(r) < d and from we obtain
that lim,, ,u"(AZ’k") = 1. On the other hand, if r < r, then f, ,(r) > d and from
we obtain that lim,, ., u” (Ag’k") = 0. This proves 1)

Remark 1. Adopting the definition in @ and setting € > 0, it follows from and
that for any arbitrary small § > 0, ro — 6 < rp(d, e, 1) < 1o+, and, consequently,
rp(d, e, ) =1, = f;;(d) Furthermore, adopting the definition of &, (d, €, u™) in (@) with
a fized € > 0, and its asymptotic limits (with n) in (@ and @, it follows from and
that for any arbitrary small 6 > 0, 1o — 6 < 7, (d, e, ) < 7 (d, €, 1) < 776 + 6, and,

consequently, 7, (d, e, i) = 7 (d, €, pu) = f, }(d).

Concerning the second part of the result, let us assume r, € (0, 1) such that f, ,(r,) =
0. From the convergence in assumed in this result, we have that if (k,),>1 is such
that k,/n — r, then

lim 6,(kn, X™) =0,p —a.s. (26)

n—oo

Then adopting Ag’k in , it follows from that for any d > 0

lim p(ALF) =1, (27)

n—oo

which proves ((13)).

Remark 2. Using the definition of Rp(d, e, u™) in @, from it is clear that for any
€ >0, Rp(d,e, 1) < ky eventually (in n). From (@), this last inequality implies that

oy (dy e, 1) < 7.

6.2. Theorem[1]

Proof: First, we introduce some preliminary results, definitions, and properties that

will be essential to elaborate the main argument.
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6.2.1. Preliminaries

First, for the case of AMS and ergodic sources (see Lemmas [2| and , the ergodic
theorem [I1, Th. 7.5] tells us that for any ¢;-integrable function with respect to fig,
f: (RB(R)) — (R,B(R)), the sampling mean (computed with a realization of X)
converges with probability one (with respect to u) to the expectation of f with respect

to jig, i.e.,

n—soo N 4

tim L3 F(X) = Exep, (F(X)) < 00,10 — as (25)
=0

Therefore, we have that for any B € B(R),

n

lim 1 i 1p(X;) = g1 (B), 1 — a.s. (29)
=0

n—soo N 4

In addition, if (P)zer € L1(f11) then for any B € B(R),

n—oQ

n—1

. 1 _

lim 37 160X) 1l = [ [al? din(o) = @)l oy i = a5 (60
i=0

and, consequently,

n—1
lim Yoo 1(Xo) - |Xa”
n—» oo n—1 P -
> i Xl

_ fB ‘xlp dﬂl(x)
@),

vp(B) b — a.s. (31)

305 Let us define the tail distribution function of m € P(R) by ¢, (7) = m(B;) for all
T € [0,00). It is simple to verify that:

Proposition 2. For any m € P(R)

i) if 71 > 7o then ¢ (T1) < O (12) and ¢n(T1) = O (2) if, and only if, m([r2, ) U
(—Tl,TQ]) = 0.

400 1) ¢m(0) =1 and lim, o ¢ (7) = 0.

i) (¢m (7T))r>0 is left continuous and ¢, (1) = limy, 7 1,57 G (tn) = G (T)—m({T}U

{=71).

Therefore, (¢,,,(7)) is a continuous function except on the points where m has atomic mass
(see Fig. [1). From a well-known result on real analysis [16], using the fact that (¢, (7))

w5 is non-decreasing then this function has at most a countable number of discontinuities.
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Figure 1: Illustration of the tail distribution function ¢z (1) of i € P(R) with a single discontinuous
point at 7, > 0 in [0, 00).

This means that m has at most a countable number of non-zero probability events on the
collection {{r}U{—7},7 € [0,00)} C B(R) that we index and denote by YV, C [0, c0).
By definition of v}, the discontinuity points of (¢g, (7)) and (¢, (7)) agreﬁ from the
fact that if 7 > 0 then ({7} U{—7}) = 0 & v,({r} U{—7}) = 0. Therefore, we have
that ), = Vg, \ {0}. For the rest of the proof, it will be relevant to consider the range

of these tail functions. These can be characterized as follows (see Figure [1):

Ri, = {w (1), 7 20} = (0,1]\ | [m(Cr),m(Br,)), (32)
Tn €V

Rzp = {(bvp (7),7 > O} = (0,1]\ U [Up(cm)avp(Brn))a (33)
Tneyﬁl\{o}

where Yy, is either the empty set, or a finite, or a countable set.

With the tail functions (¢z, (7)) and (¢, (7)) we can introduce the collection

{(@, (1), {1 = 60, (7)), 7 € [0,0)} (34)

that the first coordinate covers the range R}, . For the non-continuous case, i.e., | Vi, | >

0, we can complete the range on the first coordinate to cover the non-achievable values

16There is only one possible exception when 7 = 0.

24



Ume)iﬁl [71(Cr,), B1(By,)) in (Fig. illustrates this range when YV;, = {70}) by

the following simple extension:

Fo = {00, (), (/1= 60, (7)) 7 € [0,00)}

U {mcn) +amn.nd). 1= u(C.) - an((-rmbha e 0.1}

T™n€Va,

(35)

The collection of pairs in Fj, defines a function from (0,1] to [0,1). In fact for any
a0 7 € (0,1] we have that either: r € Ry in for which there is a unique 7* > 0 such
that 7 = ¢, (7*) and, consequently, there is only one d = {/1 — ¢, (7*) € [0,1) such
that (r,d) € Fp,, or r € UTWE%1 [71(Cr,), B1(By,)), for which there is a unique pair
(7%,a*) € Y5, x [0,1) such that r = fi1(Cr+) + i1 ({—7*} U {7*}) and, consequently,
a unique d = {/1— ¢, (7*) — a*v,({—7*} U {7*}) such that again (r,d) € Fpz,. This

a5 means that the set 7, induces a function that we denote by (fz,(r))re(0,1)- In addition,

from the properties of (¢z, (7)) and (¢, (7)) the following can be shown:
Lemma 8. The function induced by the set Fp, in has the following properties:
i) (fa, (1)) is continuous in (0, 1].

ii) (fa, (1)) is strictly decreasing in the domain f}{ll((O7 1)) c (0, 1] More precisely,
420 if 0 < rp < 1y <1 then either fz,(r2) < fa,(r1), or fa,(r1) = fa,(r2) = 0.

Furthermore, (fa, (1)) is strictly monotonic in (0,1] if, and only if, 0 ¢ Vg, .
iii) The range of (fu,(r))re(0,1 s [0,1).

The proof of this result is presented in

We are in a position to prove the main result:

ws 6.2.2. Main Argument — Case (2P)zer € L1(fi1)
Let us assume that (zP),er € L1(fi1). Let us consider an arbitrary r € [1,0) and a

sequence (kp)n>1 such k,/n — r as n tends to infinity.

17#1((0,1)) = (0,1) if, and only if, 0 ¢ Vg, .
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2.1) Continuous Scenario: Let us first consider the case where r € int(R;,), ie.,
r € Ry, \{m(Bz,), Tn € Vg, }, and, consequently, there is 7, such that r = ¢z, (7,) being
T, a continuous point of the tail function ¢z, (-) (see iii) in Proposition [2)).
Let us define n,(z") = 31" | 1p_(x;), then using the (point-wise) ergodic result in
, it follows that for all 7 > 0
lim ne (X

n—00 n

= ¢ﬁ1 (T)a n—a.s., (36)

and from and

nl;néo ap(n.(X"),X") = {/ 1 — ¢y, (T), 1t — a.s. (37)

In other words, we have the following family of (typical) sets:

n.(z™)

a7 = {@nso. tim " g, 0} (39)

B" = {(@n)nz0, lim G,(nr(a"),2") = {/1- 64, (1)} (39)

satisfying u(A” N B7) =1 for all 7 > 0.

Using the fact that ¢z, () is continuous at 7, and the observation that (¢z, (-)) has
at most a countable number of discontinuities, there is 6 € (0,7) where the interval
(r— 6,7+ 0) defines an open domain containing 7,, given by (71, 72) = d);ll ((r—26,7r4+9))
where the function (¢p, (-)) is continuous (see Figure . Associated with this domain,
we can consider { ¢, (1), 7 € (11, 72)} = (v2,v1) where by monotonicity vy = ¢, (1) and
Vg = ¢y, (T2) (see Figure . It is simple to show (by the construction of v, from ﬂl)lﬂ
that for any 7 > 0 and € > 0

G (T + €) < ¢, (7) if, and only if, ¢u, (T + €) < ¢y, (7). (40)

Therefore, this mutual absolutely continuity property between fi; and v, implies that

Gp, (T1) > 0p, (To) =7 & ¢o, (T1) = V1 > 00, (7o), and (41)

on s (12) < ¢ﬁ1(70) =r< ¢vp (T2) =v2 < ¢vp (7o) (42)

I8Note that for any B € B(R) where 0 ¢ B, ji1(B) = 0 if, and only if, v,(B) = 0.
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Figure 2: Illustration of the tail distribution functions of i1 and vp at a continuous point 79, where

T = ¢p, (T0)-

We can then find M > 0 sufficiently large such that for all m > M, ¢, (7,) +1/m <
v1. For any of these m > M, there is 7,, € (71,72) (from the continuity of ¢,,(-) in
(11, 72)) such that ¢, (Tm) = ¢u,(7,) +1/m, where again by Gy (Tim) > o5, (1) =1
Therefore, for any m > M and V(2 )n>0 € A™ NB™, n, (z") > k, eventually in n (as
n tends to infinity). This comes from the assumption that k,/n — r < ¢, (7,) and

the definition of A™ given in . Consequently, under this context, it follows that
op(nr,, (2"),2") < Gp(kn, 2"), (43)

eventually in n. Finally, using explicitly that (z,,)n>1 € B™ (see Eq.), we have that

{1 (00, (70) + 1/m) <lim_inf G (kn, 2"). (44)
n— oo
Repeating this argument, if (2n)n>1 € (55 (A™ NB™™) it follows from thaﬁ

{/1 — o, (7o) <lim inf &,(k,,2™). (45)
n—oo

By the sigma additivity [I2] and the fact that from the ergodic theorem p(A™ NB™) =1

for any m > 1, it follows that

/1= ¢u,(1,) <lim inf &,(kn, X™), 1 — a.s. (46)
n—oo

19This is obtained by taking the supremum (m > M) in the LHS of (44) and using the continuity of

the function {1 —z in = € (0, 1).
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The exact argument can be used to prove that

lim sup G, (kn, X™) < {/1 = ¢y, (7o), 1t — a.5.. (47)

n—oo

by using the sequences 7,, such that ¢, (7n) = ¢u,(7,) — 1/m for m > M and M
sufficiently large. This is omitted for the sake of space. Finally, and prove the

result in the continuous case@

2.2) Discontinuous scenario: Let us consider the case where 7 ¢ R~ (see Eq.),
which means that 37; € Vg, such that

re [ﬂl(CTi)7/7‘1(BTi))7 (48)

(see the illustration in Fig. [3)). For the moment let us assume that r € (fi1(Cy,), fi1 (B, ))E

then there is a unique «, € (0,1) such that

r=[1(Cr,) + o - 1 ({~7i, 7}). (49)

Here we need to use an extended version of the point-wise ergodic result in . For
that, let us introduce an i.i.d. Bernoulli process Y = (Y;);>o of parameter p € [0,1],
where P(Y; = 1) = p for all ¢ > 0, that is independent of X = (X,,),,>0. Let us denote
by n its (i.i.d) process distribution in {0, 1}N. Then, from the ergodic result for AMS
process in it follows, as a natural extension of , that for all 7 > 0

' 1 n—1 1 n—1 B B
im > 10, (X)) + - > ey (X0) Y = i (C2) + m({~7,7})p, (50)
=0 =0
o Zico (Lon(X0) + 1y ()Y X" Jo, 21" din(@) + m({—7.7H)7"p
n—eo it 1Xil” HCOINTH ’

(51)

20The proof assumes that r» < 1. The proof for the asymmetric case when r =1 € int(R:‘21 ),le,r=1
is a continuous point of ¢y, (-) follows from the argument above. On the one hand, &p(kn,z™) > 0 for
any kn by definition. On the other hand, the argument used to obtain follows without any problem
in this context, implying that limsup,,_, ., 6p(kn, X™) < {/ 1 — v, (7o) = 0 pu — a.s., considering that

To = 0 in this case.
21We left the case 7 € {fi1(Cr,) : Tn € Va, } U {fi1(Bx,) : Tn € Vg, } for the mixed scenario below.
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Figure 3: Illustration of the tail distribution functions of fi1 and v, at a discontinuous point 7; > 0.

with probability one with respect to joint process distribution of (X,Y) denoted by px 7.

Returning to the argument, let us consider an arbitrary (k,)>1 such that k,/n — r
as n goes to infinity. Let us consider a,, = a, + 1/m and M sufficiently large to make
apr < 1. For any m > M, let us construct an auxiliary i.i.d. Bernoulli process Y (am) =
(Y:)i>0, where P(Y; = 1) = «y,. The process distribution of Y(am) is denoted by 7,y,.

In this context, if we define the a joint count function n,(z”,y"™) = Z?;Ol 1o, (z;) +
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Z?:_Ol 1yug—ry(2i) - ys it follows from and that for 7; introduced in ,

i P&V oy (e + 1/m) - (= 7)), (52)

n—» 00 n

lim_ 3y (nr, (X7, Y™), X") = ¢/1— (0p(Cr,) = (a0 + 1/m) - up({~70,7:}))  (53)

[t X T -almost surely. Importantly in (53), v,({—7,7}) > 0 from the fact that
i ({—m, 7)) > OE Let us consider an arbitrary (typical) sequence ((zn)n>1; (Yn)n>1)
satisfying the limiting conditions in and . From , it follows that n. (™, y™) >
kn eventually in n as k,/n — r = 01(Cr,) + oo - i ({—7, 7 }) < f1(Cr,) + (o +1/m) -

i1 ({—7i,7:}) by construction. Therefore,

Gp(ns (2", y"),2") < 6p(ky, ™), eventually in n. (54)

But the left hand side of converges to ¢/1— (v,(Cr,) — (ao + 1/m) - v,({—7i, 7i}))
as n tends to infinity by the construction of ((zy)n>1, (Yn)n>1). Finally, by the almost
sure convergence in and , it follows that

lim inf &,(k,, X") f/l — (vp(Cr,) = (o +1/m) - vp({—7i, 73 }))s (55)

n—oo
1~ almost surelyﬁ

Let us denote by D™ = {(z)n>0, where holds}. From (55), u(D™) =1 and
by sigma-additivity [12] it follows that p(Ny>pD™™) = 1, which implies that

lim inf &p(k,, X™) (/1 — (vp(Cr,) — ao - vp({—74, 7 })), b — a.s. (56)

n—>oo

To conclude, an equivalent (symmetric) argument can be used to prove that

lim sup &,(kn, X") {/1 — (vp(Cr) — - Vp({—Ti, i })), b — a.s., (57)

n—oo
using &, = a, — 1/m and M sufficiently large to make & y; > 0. For sake of space the

proof is omitted. This concludes the result in this case.

2.3) Mized scenario: Here we consider the scenario where r € {fi1(B-,), 11 (Cr,) : 7 € Vi, }-

The proof reduces to the same procedure presented above in the continuous and discon-
tinues scenarios, but adopted in a mixed form. A sketch with the steps will be provided

as no new technical elements are introduced here.

22Here we assume that 7; > 0. The important sparse case when 7; = 0 will be treated below.
23We remove the dependency on 7, as both terms in (55) (in the limit) turn out to be independent

of the auxiliary process (Y;)i>o0-
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For r = fi1(B,) for 7; € Y5, and 7; # 0, the same argument adopted in the continuos

case (to obtain ([46])) can be adopted here to obtain that

hmnlggo op(kn, X") > {/1 — o, (Ti), 1 — a.s., (58)

for any sequence (kj)n>1 such that k,/n — [1(B;,). For the other inequality, the
strategy with the auxiliary Bernoulli process presented in the proof of the discontinuous
case can be adopted considering a, = 1 and &,,, = 1—1/m for m sufficiently large. Then,

a result equivalent to is obtained, meaning in this specific context that

lim sup 6, (kn, X") < £/1— ¢, (13),u — a.s. 59
sup 5,k X7) < {1 00, () (59)

For r = f1(Cr,) for 7, € Y5, and 7; # 0, the same argument with the auxiliary
Bernoulli process used to obtain can be adopted here, considering a, = 0 and

apm = 1/m for m sufficiently large, to obtain that

lim inf &,(k,, X™) > /1 —v,(Cr), 1t — a.s., (60)

n—o0

for any sequence (ky)n>1 such that k,/n — [1(C,). For the other inequality, the
argument of the continuous case proposed to obtain can be adopted here (with no

differences) to obtain that
lim sup p(kn, X™) < {/1—0,(Cr,), 1 — a.s. (61)

n—soo

2.4) Sparse scenario: The sparse scenario, meaning that 0 € )y, , deserves a special
treatment because this analysis offers insights about an important property of the func-
tion (fp,u(r))re0]- Let us consider the case that fi1({0}) = p, > 0, then ¢f (0) =
lim: 0 ¢, (1) = 11(Co) = 1 — po € (0,1) (see, the illustration in Fig. [l]). On the other
hand, we have that v,({0}) = m = 0. Therefore, (¢,,(7)) is continuous at
7 =0 (Fig. 4). From the fact that ), is at most a countable set, there is 7, > 0 with
¢p, (1) < 1 — p, where ¢y, (-) is continuous in (0,71) and, consequently, so is ¢, () in
(0,71) (from Proposition [3[ in Appendix . If we consider the range of ¢, (-) in this

continuous domain, we have that {¢,,(7),7 € (0,71)} = (v1,1) where v; = ¢, (1) < 1.

Here, we adopt the same argument used in the continuous scenario to obtain the upper

bound in . Let us consider an arbitrary sequence (ky,)n>1 such that k,/n — 1 — p,
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¢'vp ()

0 = ¢Vp(0) =1 g

Vi = ¢VP(7'1) 1

Figure 4: Illustration of the tail distribution functions of fi; and v, in the sparse case where i1 ({0}) =

po > 0.

with n. By the continuity of ¢, (7) in (0,71) for any m sufficiently large such that
1— i < w1, there is 7, > 0 such that ¢, (7,,) =1 — % For any of these 7,,, it follows
that ¢, (Tm) < 1 — poﬁ Then, we can consider the set of typical sequences defined
in and , where if (2,)n,>1 € A™ N B™ then eventually in n it follows that
kyn > ng, (2™) (from the fact that ¢, (Tm) < 1 — p,) and, consequently,

lim sup &p(kn,z™) < {/1/m, (62)

n—o0
this last result from the definition of B™ and the construction of 7,,, (i.e., ¢y, (Tm) =
1— L) Then if (z,)n>1 € >0 (A" NB™™), where M > 0 is set such that 1— 2 < vy,
then

lim sup &p(kn,z™) <O0. (63)

n—-oQ

Finally, from the (point-wise) ergodic result for AMS sources in , it follows that
N(ﬂsz A™ N B™) = 1, meaning from that limy, o0 6p(kn, X™) = 0, p-almost
surely.

The last observation to conclude this part is that if (k,) dominates (k,), in the

sense that k,, > k, eventually, then from definition &p(l::n,x") < Gp(ky,2™) for all z™.

Therefore from (63), for any r € [1 — p,, 1] and for any (k,) such that k,/n — r, it

24This from the fact that if ¢u,, (7) < ¢u, (F) then ¢z, (7) < ¢p, (F) from the definition of vy.
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follows that

lim 6,(k,, X™) =0, p—a.s. (64)

n—ro0

Then we obtain in this case that Vr € [1 — f1({0}),1]
fpu(r) =0, (65)
while f, z(r) > 0if r € (0,1 — 1 ({0})).

Remark 3. The result in 1s consistent with the statement of Theorem because if
r € [1 — po, 1] then it can be written as r = [1((0,00)) + o - 11 ({0}) for some a € [0, 1]
where fy(r) = ¢/1—v,((0,00)) — o - v,({0}) = 0.

6.2.3. Main Argument — Case (xP)zer & L1(fi1)
When (2P),er ¢ L1(fi1), it follows that V7 > 0,

n—1
lim Zi:o (1 - 1BT (XZ)) i |Xi|p
n n—1 P
oo > o 1Xil

=0, — a.s.. (66)

this from the (point-wise) ergodic result in and the fact that [, |z]” dii(z) = oo.
Then from and it follows in this case that

_one (X))
Jim == = ¢ (1), 4 — as (67)
ILm Gp(n(X™),X") =0, —a.s. (68)

for all 7 > 0. Again we can consider A™ = {(ﬂfn)nzo, lim,, 0 22 (rj”n) = ¢u, (7-)} and

B = {(@a)nz0, lim_y(n. ("), 2") = 0},

where u(A™NB7) =1 for all 7.

Let us fix r € (0,1] and (ky,)n>1 such that k,/n — r. We can consider 7 < r, and
7, such that ¢, (7,) = 7. Then for any (x,) € A™ N B™ it follows that k, > n. (z")
eventually in n (from the fact that » > 7 and the definition of A7), therefore eventually
Gp(ns(z™),2") > 6,(kn,2™). Finally from the definition of B, lim, o 6p(kn,2™) = 0.

The proof concludes noting that u(A™ N B™) = 1. O
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6.3. Theorem[d

Proof: First, we introduce formally the ergodic decomposition (ED) theorem:

Theorem 3. [11, Th. 10.1] Let X = (X, )nen be an AMS process characterized by
(RN, B(RN), ). Then there is a measurable space given by (A, L) that parametrizes the
family of stationary and ergodic distribution, i.e., P = {pr, A € A}, and a measurable

function U : (RN B(RN)) — (A, L) such that:
i) U is invariant with respect to T, i.e., ¥(x) = WU(T(x)) for all x € RN.

it) Using the stationary mean i of X, and its induced probability in (A, L), denoted
by Wy, it follows that VF € B(RN)

A(F) = / 1 (F)OWy (). (69)

i11) Finall for any Ly(ji)-integrable and measurable function f : (RN,B(RN)) —
(R, B(R)),

1 — .
Jim — ; F(TH (X)) = Ezrpuy ) (F(Z)), p— almost surely, (70)

where Z in (@) denotes a stationary and ergodic process in (RN, B(RN)) with process
distribution given by U(X) € A.

Let us first prove the almost sure sample-wise convergence in . For r € (0,1]) and
(kn)n>1 such that k,/n — 7, we need to study the limit of the following random object

Y,, = 6p(ky, XT"). As in the proof of Theorem (1| we consider the tail events
B; = (—o0, 7] U [1,00) and C; = (—o0,7) U (1,00) (71)

for 7 > 0. From Theorem [3|it follows that for any B € B(R),

n—1

. 1

lim =Y " 15(X;) = Ezpy o (18(Z1)) = p1,wx)(B), 1t — a.s. (72)
=0

n—soo N 4

25This result can be interpreted as a more sophisticated re-statement of the point-wise ergodic theorem
for AMS sources under the assumption of a standard space, which is the case for (RN, B(RN)). Details

and the interpretations of this result are presented in [II, Chs. 8 and 10].
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where Z = (Z;);>1 and p; y(x) denotes the probability of Z; (the 1D marginalization of
the process distribution py(x)) in (R, B(R)). In addition, from Theoremwe have that

n—1
i iz 1B, (Xi) - 1 X
im 5 s
oo Zizo |Xz‘

= fp(X7 BT)7 H—a.s., (73)

where

lz|Pdpuy, (@) :
W if (27)zer € L1 (11, w(x))
& (X, Br) = L1k, (x)) : (74)

1 if (27)oer ¢ L1(p1,w(x))
From the results in and , we can proceed with the same arguments used in the
proof of Theorem |1| to obtain tha@

lim &, (kn, X7') = fpuex (1), p— almost surely, (75)

n—>oo

where f}, 14 x, (7) is the almost-sure asymptotic limit of the stationary and ergodic com-
ponent pyx) € P stated in and elaborated in the statement of Theorem This
proves the first part of the result.

For the second part, we consider again r € (0,1] and (k,),>1 such that k,/n — r.
Let us denote the almost sure limit in by fp(X, r)m, which is in general a random
variable from (RN, B(RV)) to (R, B(R)). For an arbitrary d € [0,1), we need to analyze
the asymtotic limit of ,u”(AZ’k"). By additivity, we decompose this probability in two

terms:

/Ln(AZ’k") =u ({.f = (1‘,’),’21 € RN : &p(k}n,ﬂi?) < d, fp(f,’/‘) < d})
+u ({Z € RN 1 6y (kn, 2) < d, fo(Z,7) > d}), (76)
For the first term (from left to right) in the RHS of (76), we can consider the following
bounds
W o) < dY) > ({7 Gyl a}) < d, fy(@7) < d)) >

1 ({2 2 p(kn, 27) < fopu(@,7), fp(2,7) < d}). (77)

26We omit the argument here as they are redundant, following directly the structure presented in
Section
27We omit the dependency on g in the notation, because this limit (as a random variable of X) is

independent of p.
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The lower and upper bounds in has the same asymptotic limit, i.e.,

lim o ({7 2 Gk, 27) < fo(@,7), fy(@,r) S d}) = T ({72 fylmr) <d}). (78)

n—-oQ

This can be shown by the following equality

p({7: fp(@,r) <d}) = pu({7 2 6p(kn,27) < fo(2,7), fp(2,7) < d})
+ /u'({:E : 6P(knax?) > fp(jvr)a fp(ja’r) S d})a (79)

and p({Z : 6p(kn, 27) > fp(2,7), fp(2,7) < d}) < p({Z : 5p(kn,at) > fp(Z,7)}), where
the almost sure convergence of &, (ky, X7') to f,(X,r) in implies that

lim o ({Z 2 6p(kn, 27) > fp(T,7), fp(T,7) < d}) =0

n—ro0

obtaining the result in . Consequently, we have from that

lim o ({z € RN : 5y (kn,2t) < d, fy(,7) < d})

n—-oQ n

lim p({z€RY: fi(z,r) <d}).
(80)

For the second term in the RHS of , it is simple to verify that

1 ({z e RN 6,(ky, 2t) < d, fo(z,7) > d}) < p({Z €RY 1 6y(kn,2t) < fo(z,7)}),
then the almost sure convergence in implies that

lim p({Z € RN : 5,(kn,2}) < d, f,(2,7) > d}) = 0.

n—-oQ

Putting this result in and using , it follows that

lim " (AR = lim p({z €RY: fy(z,r) <d}), (81)

n—>oo

which concludes the argument. Finally to obtain the specific statement presented in
, we first note that f,,(,7) = fp ) () for all & € RN, where (fp ., (7))re(o,1]
is the expression that has been fully characterized in Theorem |lf for any u) € P. In
addition, we can use Theorem i) stating that when py is £,-compressible, meaning that
(@P)zer & Li(pay), then fp ,, (1) =0 for all r € (0,1]. Therefore, all the stationary and
ergodic components /iy (z) that are £,-compressible satisfies that f,(z,7) = fp7w(i)(7’) <

d independent of the pair (7, d), which explains the first term in the expression presented

in . O
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Appendix A. Proof of Lemma

Proof: For the proof, the following properties of the tail functions (that defines Fj,
in (35)) will be used:

Proposition 3. ® Vo, = Va, \{0}, meaning that for all T > 0, (¢g,(-)) is continuous

at 7 if, and only if, (¢v,()) is continuous at T.

o V711 > 79 >0, ¢p, (T1) = ¢, (72) if, and only if, ¢y, (T1) = o, (T2)-
The proof is presented in

Proof of i): Let us first show that (fz,(-)) is continuous in (0,1]. It is sufficient
to prove continuity on the function fg, () = 1 — (fa, (r))?, which is induced by the

following more simple relationship@

‘7:—111 = {(¢ﬁ1 (7—)7 ¢vp (7—))’7— € [07 OO)} (Al)
U 1@ (€ + am=ra m})p(Cr,) + av (= ma}))sa € 0,1}
Tn€Viq
(A.2)

There are three distinct scenarios to consider:

e Let us first focus on the case where r € R}, \ {fin(Br,), 7 € Vg, } (see, Eq.).
Under this assumption there exists 7, € [0,00) \ Vs, (in the domain where ¢, (-)
is continuous) where r = ¢, (7,). From Proposition |3, ¢,,(-) is also continuos
at 7, where by construction in fa (1) = ¢v,(7,). Let us consider an ar-
bitrary € > 0. From the continuity of ¢,,(-) at 7, there exists ¢ > 0 such that
{¢v,(1),7 € Bs(1,)} C Be(fa, (r)) Without loss of generality, we can assume

28This from the continuity of the function g(z) = &1 —z in = € [0, 1].
29Bc(z) = (x — ¢,z + €) C R denotes the open ball of radius ¢ > 0 centered at = € R.
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that ¢y, (o — 0) > fa, (1) = ¢u, (o) > bu, (7o + ). Then from Proposition [3 it
follows that ¢z, (7o — 0) > 7 = ¢a, (7o) > éu, (7o + 6). Then, there exists § > 0
such that Bs(r) C {¢a,(7),7 € Bs(7,)}. Therefore from (A1), we have that for
any 7 € Bj(r) there exists 7= € Bs(7,) where 7 = ¢, (77) and, consequently,

fa, (F) = bu, (T7) € Be (f., (7)), which concludes the argument in this case.

e Let us assume that r € Urn,ey,zl (21(Cr,), g1(Br,)) (see, Eq.). Then there is
Tn € Y, and a unique o, € (0,1) such that r = i1 (C;, )+ao-fi1(B-, \C-,) and, con-
sequently, fa, (r) = v,(Cy,) + - vp(B,, \ Cy,) from . Without loss of gener-
ality, let us consider ¢ > 0 small enough such that B.(fz, (r)) C (v,(Cy,),vp(Bx,.)).
Then from the continuity of the affine function g(a) = v,(C:,) + a - vp(B7, \
C.,) in (0,1), there exists 6 > 0 (function of €) such that {g(a),a € Bs(a,)} C
Be(fﬂ1 (r)). Therefore for any 7 € {a1(Cr,) + - fg1(B-,), @ € (ap — §, a0 + )},
fa, (F) € Be(fa, (7)) from the construction in . Finally fixing 6 = 6 - fi1 (B, \
C,), we have that {fﬁl(f),f € Bg(r)} C B(fu (r)), which concludes the argu-

ment in this case.

e Finally, we need to consider the case where r € {i1(C>,), 7 € Vi, JU{f1(Br,), T € Vi, }-

The argument mixed the steps already presented in the two previous scenarios and

for sake of space it is omitted here as no new technical elements are needed.

Proof of ii): Let us consider o > 71 and assume that both belong to REI. This
means that there exist 71 > m > 0 such that 1 = ¢z, (71) and ro = ¢z, (11). Then
bv, (1) < ¢y, (12) from Proposition [3, which implies the result by the construction of
fa, () in . Another important scenario to cover is the case when r1 = f1(C;,) +
a1fi1 (B, \Cr,) and ro = [i1 (Cr,)) + aofin (B-, \ Cr,) with ao > a1, 7, € Y, and 7, > 0.
Then in this case v,(C5, ) + a2vy(Br, \ Cr,) > v,(Cr,) + c1vy(B-, \ Cr,) because from
Proposition [3|it follows that v, (B, \ Cr,) > 01if 7, € V5, \ {0}. Again the result in this
case follows from . Mixing these two scenarios and using the monotonic property
of the tails functions (¢p, (+), ¢u,(-)) proves the strict monotonic property of (fgz,(-)) in
(0,1] if 0 ¢ Y5, and, the strict monotonic property of (fz,(-)) in (0,1] \ [1 — &1 ({0}), 1]
if 0 € Y5,. Then the remaining scenario to consider is ro > 71 in [1 — ;1 ({0}), 1] when
0 € Vs, (the sparse case). In this context, from definition v,({0}) = 0, which implies
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from that fz,(r2) = fz,(r1) = 0. Finally, it is worth noting that this is the only
context (0 € YVg,) and regime (r € [1—[1({0}), 1]) where fz, () is not strictly monotonic.

Proof of iii): This part comes directly from the continuity of fz, () in (0, 1) and the
limiting values of the function (i.e., fz, (1) = 0 and lim, ¢ fz, () = 1 from ) O

Appendix B. Proof of Proposition

Proof: 1) follows from the definition of ¢(-) and ii) comes from the continuity of
a measure under a monotone sequence of events converging to a limit [I4]. The left
continuous property of ¢(-) and the fact that ¢} (7) = ¢y, (7) — m({r} U{—7}) (in iii))

follows mainly from the continuity of a measure [14]. O

Appendix C. Proof Proposition [3]

Proof: The proof of these two points derives directly from the definition of the tail
function and the construction of v, from ji;. More precisely, both results derive from the
observation that these two measures are almost mutually absolutely continuous in the

sense that for all B € B(R) such that 0 ¢ B, /Il(B) = 0 if, and only if, v,(B) = 0. In

fact, for all B € B(R) such that 0 ¢ B, v,(B) = [j Ii x,,‘ﬁf = )dm( x) and, conversely,
_ &)L,

a(B) = J LMt gy (o) =
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